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Multi-Hamiltonian Structure of kdv Hierarchy by
Drienfeld-Sokolov Formalism

Swapna Ray Jain'
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Conserved quantities and the multi-Hamiltonian structure for the integrable
coupled kdv system which is associated with the isospectral flow [(Z) eA)d?
+ 2N VAT = AMy are deduced by the Drienfeld-Sokolov formalism.

1. INTRODUCTION

The study of nonlinear integrable equations plays an important role in
theoretical physics. These integrable equations have been solved by the
inverse scattering method (Ablowitz et al., 1974; Kruskal et al., 1970), i.e.,
they admit the zero-curvature representation

Vi-U+[VUI =0 (1
with a given isospectral problem
b, = Vi )

where X is the isospectral parameter. With the condition A, = 0 one can relate
the given isospectral parameter to a hierarchy of nonlinear evolution equations

Vo= UP + [V, UM =0 3)

where {, = U(A .

In the theory of integrable systems we search for a symplectic operator
B and a sequence of scalar functions H, such that equation (3) can be written
in the Hamilton form
SH,
1%

V,=B )
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where V = V|, ..., V, in the potential contained in the matrix V = V(V, \)
and 3/3V stands for the variational derivative. The Hamiltonian H, constitutes
in fact an infinite number of conserved densities in the hierarchy. Various
techniques have been developed to calculate H, (Gui-Zhang, 1989; Fuchss-
teiner and Fokas, 1981). A system of evolution equations is said to be bi-
Hamiltonian if there exist two symplectic operators B, and B, and two
Hamiltonian H, and H, such that

o _ , 3

V1:BIW— 25y (5

The recursion operator R of the bi-Hamiltonian system is given for-
mally as

R = ByB))™" (6)

In general the recursion operator is integrodifferential and the resulting
Hamiltonian flows can be mapped directly into each other by use of it.

We obtain the multi-Hamiltonian structure and recursion operator for a
coupled kdv equation (Antonowicz and Fordy, 1987) by the Drienfeld and
Sokolov (1984) formalism. This formalism is based on affine Lie algebra
(Kac, 1990).

2. FORMULATION

The Drienfeld—Sokolov formalism is based on the subalgebra decompo-
sition of a Lie algebra and the proper choice of the Heisenberg algebra of
the corresponding affine algebra.

A Lie algebra is usually described by a set of generators, say X, following
a commutation rule,

X Xj} = Ciijk
which by virtue of the Jacobi identities implies
Ci + i + ¢ = 0

In general one can classify the generators into three groups, one compris-
ing a certain subalgebra H, and Eg, Ej_, so that the Lie algebra g can be
written as

g=H+ X (Eu + Es)

+
aed

A* is the set of positive roots. The roots are defined via

ad(HXE,) = *a(H)E,
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along with the following commutation rules:

(Ha, Hg] = 0
[Hm EIB] ==* aBE * B
[Ee E_o] = H,

EE _{o if a+Beld a#+p
(Ea, Egl = NypgEurp if a#Banda +B CA

It is now very much imperative that on integrable two-dimensional problem
is a consequence at a zero-curvature equation, which is always embedded in
a Lie algebra. Furthermore, the dependence on the spectral parameter is taken
care of by changing the Lie algebra to a Kac—Moody or loop algebra. The
simplest way to introduce a loop algebra is to introduce the generators

7%, = N'Ey, B = N"Eg_
H! = \NH,
so that the general set of commutation rules can be written as
(X7, X,""] = Cijk(nv m)Xgtm

which is an infinite-dimensional Lie algebra. On the other hand, one can also
represent a Lie algebra with the help of generators e; with a unit element at
the intersection of its row and its column and zero elsewhere and following
the rules

€ = Sieir
{eij, ey = dye — Silekj

and H,, Eg., and E5_ can always be expressed as a linear combination of e;;.
The Lax operator is written as

L= 41v+n )
ox

with V an upper triangular matrix and

A=1+re

k=1
=1+ A\ 2 €l
i=1
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In accord with the prescription of Drienfeld and Sokolov, it is possible to
find a transformation

eVLe™V =L + [U, L] -)%[U, v,Lly+---=-D+V+H (8
Let
eUNe™V = H(\") €)
Then the nonlinear integrable class of equations is given as
dL
= = L 60T = ~IL, 6] (10)

where the plus (minus) sign indicates that only positive (negative) powers
are to be taken. In our problem, we have introduced the A dependence in V
itself, keeping the matrix structure intact. So we have obtained a new nonlinear
integrable system whose properties we analyze in this paper.

3. RESULTS

The system of equations we present is associated with the linear spec-
tral problem

N—1 N—1
Ly = [(2 e,.x")az + > v,.x'}\p =\ (1)
i=0 i=0
When N = 2 and €, = 0, the L operator of the spectral problem reduces to
L=—-DI— (Vo +VNo_ +A (12)
where
A= €2 + )\26’21 =g; + KZO'_ (13)

and V; and V| are nonlinear fields with values in the set of upper or lower
triangular matrixes. We search for U in the form

U= (), 0+ + U0 + uzg)\™ (14
It is well known from the basics of Lie algebra that

VLoV = L+ [U. L] + % W, (U, L] + -

= -=DI+ No_ + 0, + 2 Hio AN+ D Hya N2 (15)
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where the H; are nothing but Hamiltonians of the system. From these equations
we have

U= U 10+ +up10- + uy 10N + (uy 204 + up 20 + u3 _03)\7?

+ (U304 + ty 30 + U3 303N+ -

VX v _ 1 1 1 v _a
= (——é—- o + Z‘ 03)7\ I+ [(—g vvie + g vo,,>a_ + (—~§ vi + f)og])\ :

+ | Doy, 4+ -————lv —lvv—lvv +——9 vivi, o
8 + 32 (K453 8 ox¥1 8 o¥ix 64 1¥1x -
1 1 1, i
+ _'1‘”6' Viea ™ Z VoV + 5 Vi |03 A + .- (16)

This gives the following expression for $(A\?)** according to expression (7):

¢()\.2)3+ = {Rz — 2“3‘,!K + (—2{‘{3,_2 + zu%v_!) -+ ..-}G+
+ {-}‘4 + (_2“3,~4 = duy Uz, — % “%.4))\3 + “‘}0‘_

+ {(uy—2 + U A
+ (Uy g+ Uy g U Uz — Uy U3 ) + O (17)
Next we obtain

dL _

= = oo L] (18)

1 3,
Vo, = (i &+ veo + 2 Vgx)(VO + 2 v;)

3,
Vig = (i 8 + vod + % v(k)v, + (v,a + % v,x)(vo + Z v;)

where vy is the kdv variable. If v, is set equal to zero, then equation (18)
reduces to the well-known kdv equation. The first five Hamiltonians are

1
le"z‘“vl

1 1
H22§<V0+Zv%>

(19)



908 Jain

1{1 3 5 | R
H4—§<Zv5+§v0v%+av‘l‘+ﬁvil)
H = -Loa Lo+ Ly + Lo
5 ) 4 1V ixx 16 [RAEY 16 1V 0xx 16 oV

5 3 1
+ Evov? +§v3v, + mv?)

Equation (18) can be written in the Hamiltonian form

3,
4+ 22
Vor 1 l 63 + V()a + l Vox 0 Yo 4 :
y = 1 4 2 3 5 I (20)
3 0 o f| 5 vov + gv? + 2 Vi
= V,3 = B3 8H3 = B?_ 8H4 = B] SHS (21)
where
1 _—1 v+ adv)) o
B -y 2" ! (22a)
B 0
1_163+1(v6+6v) 0
By=—-14" 27 0 (22b)
4 0 ]
|
i 1,1
0 -0’ + = (Voa + avo)
1 4 2
—Z 63 + 5 (Voa + Bvo) 5 (Vla + avl)

So we have the obtained multi-Hamiltonian structure of the coupled kdv
system (5).
When v, — 0, the coupled system reduces to

V0,3 = Bz 81‘14 = B] BHS (23)

where B, and B, are the second and first symplectic operators of the kdv
system, respectively.
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A bi-Hamiltonian system which enjoys a compatible pair of Hamiltonian
structure is known (in general) to an infinite hierarchy of bi-Hamiltonian
system. The resulting Hamiltonian flows can be mapped directly into each
other by use of the recursion operator R, which is given formally as the
“quotient” of the two Hamiltonian structures:

R = ByB))™!

! | -
0 {Z 63 + E(Voa + aVO)}a !

= 1 (24)
1 {—E 9 + avl)}a—'

4. CONCLUSION

In the above analysis we have obtained the multi-Hamiltonian structure
of the coupled kdv system by using the Drienfeld—Sokolov formalism. We
have also obtained the recursion operator of the system.
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